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$\mathbb{C}$ $\Sigma$
$f’$ : $Z’arrow\Sigma$ 2 $Z’$
$f’$ 2 $Z’$ canonical resolution ([7] ) $\mu$ : $Zarrow Z’$
( $Z’$
$\mu$ ). $f:=f’o\mu$ $Z$
involution $\sigma_{f}$ $f’$ $f’$ $\triangle_{f},$ $=\triangle_{f}$
0.1 $D$ $\Sigma$ $D$ $D$ $f$
splitting curve : $D$ $f^{*}D$
$f^{*}D=D^{+}+D^{-}+E$ ,
$D^{+}\neq D^{-},$ $\sigma_{f}^{*}D^{+}=D^{-},$ $f(D^{+})=f(D^{-})=D$ $Supp(E)$ $\mu$
2 $f’$ : $Z’arrow\Sigma$ $\triangle_{f’}$
$\triangle_{f’}(=\triangle_{f})$ 2 $f’$ : $Z’arrow\Sigma$
$D$ $f$ splitting curve $\triangle_{f}$ $mod D$ ”
.
0.1 $\Sigma$ $\Sigma$ 2
Definition 0.1 $\Sigma$ Leg-
endre 1. $B$ $\Sigma$ $B$
1
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2 $\Sigma$ $D$
$\{$
lif $B$ $mod D$
$(B/D)=$
$-1$ if $B$ $mod D$
$\Sigma$ $\mathbb{P}^{2}$ $B$ $D$
$(B/D)$ well-defined
Splitting curve Zariski pair
( [2], [17], [18] ).
Lattice Zariski pair ([13]).
$\mathbb{P}^{2}$ $B$ $D$ $(D/B)$
$(*)B$ $D$




$D_{1}$ $D_{2}$ $D_{1}$ $D_{2}$ even tangential
$D_{1}$ (resp. $D_{2}$ ) $D_{2}$ (resp. $D_{1}$ ) even tangential
(i) $\forall x\in D_{1}\cap D_{2}$ $x\not\in$ Sing $(D_{1})\cup$ Sing $(D_{2})$ .




(i) $B$ even tangential $(B/D)$
(ii) $(B/D)$ $\mathbb{P}^{2}\backslash (B+D)$ ?
$B$ 2 $C,$ $D$ 4
0.1 $C$ 2 $Z_{C}$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$
:
12
. $D$ 2 $(C/D)=1$ .. $\deg D=3$
$-D$ $(C/D)=-1$ ,
$-D$ node $(C/D)=1$ ,




1. $Q$ even tangential conic $C$ $(C/Q)$
2. $(C/Q)$ $\mathbb{P}^{2}\backslash (C+Q)$
0.2, 1 ( 0.1, 1.1). $Q$
$x$ even tangential conic
. $\Xi_{Q}:Q$ $Q$
[3]. $l_{x}\cap Q:l_{x}$ $Q$
$-s:I_{x}(l_{x}, Q)=2$ 3 $l_{x}$ $Q$
$-b:l_{x}$ 2 $I_{x}(l_{x}, Q)=4$ .
$-sb:I_{x}(l_{x}, Q)=2$ $l_{x}$ $Q$ 2
$\tilde{Q}$ $Q$ $g(\tilde{Q})$ :
0.1 $Q$ $C$ $Q$ even tangential conic
:. $g(Q)=0$ $\forall C$ $(C/Q)=1$ .. $g(\tilde{Q})\geq 2$ $\forall C$ $(C/Q)=-1$ .. $g(\tilde{Q})=1$
13
- $\Xi_{Q}\neq 2A_{1},$ $A_{3}$ $\forall C$ $(C/Q)=-1$
- $\Xi_{Q}=2A_{1},$ $A_{3}$ :
#ETC $x$ even tangent conic #QRETC $x$ even
tangetn conic $(C/Q)=1$
0.2 4 $Q$ $x$ even tangential
conic [20]
0.1 $C+Q$ $\mathbb{P}^{2}$ 2
02,2
:
0.2 $Q$ 4 $C$ $Q$ even tangential conic $f_{C}:Z_{C}arrow \mathbb{P}^{2}$
$C$ 2 5 $p$ $C+Q$
$\mathbb{P}^{2}$
$D_{2p}$ - $3\pi$ : $Sarrow \mathbb{P}^{2}$
(i) $\pi$ $C$ 2 $Q$ $p$
(ii) $(C/Q)=1$ $f_{C}^{*}Q=Q^{+}+Q^{-}$ , $Q^{+}$ $Q^{-}$
(ii) 3 $n$ $C$ 2 $Q$
$n$ $D_{2n}$
02 :








1 4 $\mathbb{P}^{2}$ 2
0.1 $(C/Q)$
[17] $Q$ $Q$ $x$ $\mathcal{E}_{x}^{Q}$
$\nu_{1}$ : $\mathbb{P}_{x}^{2}arrow \mathbb{P}^{2}$ $x$ $l_{x}$ proper transform $\overline{l}_{x,1}$ $\nu_{1}$
$E_{x,1}$ -lx, $1^{\cap E_{x,1}}$ $\nu_{2}$ : $\hat{\mathbb{P}}^{2}arrow \mathbb{P}_{x}^{2}$
$\overline{l}_{x,1},$ $E_{x,1}$ proper transform $\overline{l}_{x},$ $\overline{E}_{x,1}$ $\nu_{2}$ $E_{x,2}$
$f_{x}^{\prime Q}$ : $\mathcal{E}’arrow\hat{P}^{2}$ $\overline{E}_{x,1}$ $\overline{Q}$ 2 $\overline{Q}$ $Q$
$\nu_{2}0\nu_{1}$ proper transform $\mu_{x}^{Q}$ : $\mathcal{E}_{x}^{Q}arrow \mathcal{E}’$ $\mathcal{E}’$ canonical resolution
$f_{x}^{Q}:=\mu_{x}^{Q}of_{x}^{;Q}$ $\mathcal{E}_{x}^{Q}$ :
(i) $x$ $\mathbb{P}^{2}$ $\Lambda_{x}$ relatively minimal elliptic fibration $\varphi_{x}^{Q}$ : $\mathcal{E}_{x}^{Q}arrow \mathbb{P}^{1}$
$\mathcal{E}_{x}^{Q}$
(ii) $\overline{E}_{x,1}$ $\varphi_{x}^{Q}$ canonical section $O$ $\mathcal{E}_{x}^{Q}$ section MW$(\mathcal{E}_{x}^{Q})$
( generic fiber $\mathbb{C}(\mathbb{P}^{1})$ -rational point ) $O$
Mordell-Weil
MW$(\mathcal{E}_{x}^{Q})$ lattice [14] $\mathcal{E}_{x}^{Q}$ covering
transformation $\sigma_{f_{x}^{Q}}$ MW$(\mathcal{E}_{x}^{Q})$ involution $\sigma_{f_{x}^{Q}}^{*}$
.
MW $(\mathcal{E}_{x}^{Q})$




(iv) $\mathcal{E}_{x}^{Q}$ $\Lambda_{x}$ $Q$ 3
[11, Table62]
1.1 1 $\mathcal{E}$ section
4 $Q$ $x$
$\mathcal{E}=\mathcal{E}_{x}^{Q}$
$C$ $x$ even tangential conic $\mathcal{E}_{x}^{Q}$
:
. $C$ $\mathcal{E}_{x}^{Q}$ preimage 2 $\varphi_{x}^{Q}$ section
$s_{C}^{\pm}$ $\mathcal{E}_{x}^{Q}$ $s_{C}^{\pm}$ $O$
. $s_{C}^{\pm}$ $\mathcal{E}_{x}^{Q}$ $O$
:
: $\langle,$ $\rangle$ [14] pairing $s_{C}^{\pm}$ [14]
narrow part $MW^{0}(\mathcal{E}_{x}^{Q})$ $\langle s_{C}^{\pm},$ $s_{C}^{\pm}\rangle=2$
16
$x$ even tangential conic
:
1.1 $s$ $\varphi_{x}^{Q}$ section :




$C_{s}$ $x$ $Q$ even tangential conic
$\mathcal{E}_{x}^{Q}$
$\mathcal{E}_{x}^{Q}$ (ii)




1. 1 $Q,$ $x$ $C$ $x$ $Q$ even tangential conic
$s_{C}^{\pm}$ $C$ $\varphi_{x}^{Q}$ section
$(C/Q)=(-1)^{\epsilon(s_{C}^{+})}$
$s\in$ MW$(\mathcal{E}_{x}^{Q})$ $\epsilon(s)$ :
$\epsilon(s)=\{\begin{array}{l}0 s=2s_{o} \text{ } s_{o} \text{ } MW (\mathcal{E}_{x}^{Q}) \text{ }1 s=2s_{o} \text{ } s_{o} \text{ } MW (\mathcal{E}_{x}^{Q}) \text{ }\end{array}$
1.2 . MW$(\mathcal{E}_{x}^{Q})$ $s_{\overline{C}}=-s_{C}^{+}$ $\epsilon(s_{C}^{+})=\epsilon(s_{C}^{-})$. 1.1 node $D,$ $D$
$x$ $x$ $D$ even tangential conic $C$
:
$x$ $D$ $\nu_{2}\circ\nu_{1}$ : $\hat{\mathbb{P}}^{2}arrow \mathbb{P}^{2}$ $\mathcal{E}_{x}$
2 blow-up
$\overline{D}$ $D$ proper transform $S_{x}^{D}$ $\overline{E}_{x,1}$ 2
canonical resolution $S_{x}^{D}$ $S_{x}^{D}$ $\mathbb{P}^{1}$ $g$
$\varphi_{x}^{D}:S_{x}^{D}arrow \mathbb{P}^{1}$ $\overline{E}_{x,I}$ preimage $O$ $\varphi_{x}^{D}$ section $\mathcal{J}_{S_{x}^{D}}$
$S_{x}^{D}$ generic fiber Jacobian MW$(\mathcal{J}_{S_{x}^{D}})$ $\mathbb{C}(\mathbb{P}^{1})$ Mordell-






$\mathcal{E}$ $K$ Weierstrass :
$\mathcal{E}:y^{2}=u^{3}+au^{2}+bu+c$ .








$\mathbb{P}^{2}$ $[U, T, V]$
. $x$ $[1, 0,0]$ ,
$\circ x$ $V=0$ ,
$u=U/V,$ $t=T/V$ $Q$ affine
$f(t, u)=u^{3}+( \sum_{i=0}^{2}p_{i}t^{2-i})u^{2}+(\sum_{i=0}^{3}q_{i}t^{3-i})u+\sum_{i=0}^{4}r_{i}t^{4-i}=0$
$p_{i},$ $q_{i},$ $r_{i}\in \mathbb{C}$
$\mathcal{E}_{x}^{Q}$ generic fiber Weierstrass
$y^{2}=f(t, u)$ $s_{C}^{+}$ $(u(t), y(t))$ , $s_{C}^{+}=2s_{0}$ $s_{0}$ $(u_{0}(t), y_{0}(t))$





$f_{C}:Z_{C}arrow \mathbb{P}^{2}$ $\mathbb{C}(\mathbb{P}^{2})$ $\sqrt{u-u_{1}}$ $(C/Q)=1$





(i) $g(\tilde{Q})\geq 2$ $Q$ even tangential conic $C$ $(C/Q)=$
$-1$
(ii) $g(\tilde{Q})=0$ $Q$ even tangential conic $C$ $(C/Q)=1$
Proof. (i) $C$ $Q$ even tangent 2 $(C/Q)=1$
$f_{C}$ : $z_{c}arrow \mathbb{P}^{2}$ $C$ double cover $f_{C}^{*}Q=Q^{+}+Q^{-}$
$z_{c}\cong \mathbb{P}^{1}\cross \mathbb{P}^{1}$ , Pic $(Z_{C})\cong \mathbb{Z}\oplus \mathbb{Z}$ $Z_{C}$ Pic $(Z_{C})$
involution $(a, b)\mapsto(b, a)$ $g(\tilde{Q})>0$ $Q^{+}\sim Q^{-}\sim(2,2)$
$Q^{+},$ $Q^{-}$ $Q$ $g(\tilde{Q})\geq 2$
(2,2) 1
(ii) $f_{C}$ $\tilde{Q}$ double cover $(C/Q)=1$
21 0.1 2 $g(\tilde{Q})=1$
$g(\tilde{Q})=1$ $\Xi_{Q}$
$A_{3},$ $A_{4},$ $A_{1}+A_{2},2A_{1},2A_{2}$ ,
$C$ $x$ $Q$ even tangential conic $(C/Q)=1$
$f_{C}^{*}Q=Q^{+}+Q^{-}$ 21
$Q^{+}\sim Q^{-}\sim(2,2)$ $Q^{\pm}$ $Q$ $A_{4}$ $A_{2}$
$Q$ $Q^{\pm}$ preimage
$g(\tilde{Q})=1$
$g(\tilde{Q})=1$ $\mathcal{E}_{x}^{Q}$ [12] MW$(\mathcal{E}_{x}^{Q})$
“narrow” part $MW^{0}(\mathcal{E}_{x}^{Q})$ :
19
11 11 :
#ETC $:=\{s\in MW^{0}(\mathcal{E}_{x}^{Q})|\langle s, s\rangle=2\}/2$
#QRETC $:=\{s\in MW(\mathcal{E}_{x}^{Q})|\langle s, s\rangle=1/2,2s\in MW(\mathcal{E}_{x}^{Q})\}/2$.
No. 1, 3, 4, 6 A-D-E lattice #ETC #QRETC
No. 2 No. 5
No. 2 [12, Lemma 3.8]
$(\begin{array}{ll}02 -120 -1-1-1 4\end{array})\cong A_{2}^{\perp}$ in $D_{5}$
$A_{2}$ $D_{5}$
$MW^{0}(\mathcal{E}_{x}^{Q})$
2 4 $\# ETC=2$ $s\in$ MW$(\mathcal{E}_{x}^{Q})$
$\langle s,$ $s \rangle=2(1+sO)-\frac{k_{1}(4-k_{1})}{4}-\frac{2}{3}k_{2}$ ,
$k_{1}\in\{0,1,2,3\},$ $k_{2}\in\{0,1\}$ . $\langle s,$ $s\rangle=1/2$ $s$
No. 5 [12, Lemma 3.8]
$(\begin{array}{llll}4 -1 0 1-1 2 -1 01 0 -1 2\end{array})\cong A_{1}^{\perp}$ in $A_{5}$
20
$A_{1}$ $A_{5}$ $MW^{0}(\mathcal{E}_{x}^{Q})$
2 12 { $\# ETC=6$ $s\in$ MW$(\mathcal{E}_{x}^{Q})$
$\langle s,$ $s \rangle=2(1+sO)-\frac{2}{3}k_{1}-\frac{1}{2}k_{2}-\frac{1}{2}k_{3}$ ,





1. $B_{1}$ $B_{2}$ configuration type (configuration type
[1] ),
2. $h$ : $\mathbb{P}^{2}arrow \mathbb{P}^{2}$ $h(B_{1})=B_{2}$
3.1 4 $Q$ $Q$ even tangential conic $C$ $C+Q$
configuration type $Q,$ $\# C\cap Q$ $I_{x}(C, Q)(x\in C\cap Q)$
02 Ol [2]
3.1 $Q_{1}$ $Q_{2}$ 4 $C_{1}$ $C_{2}$ $Q_{i}(i=1,2)$ even
tangential conic $C_{i}+Q_{i}(i=1,2)$ configuration type
(i) $(C_{1}/Q_{I})=1$ $(C_{2}/Q_{2})=-1$ $(C_{1}+Q_{1}, C_{2}+Q_{2})$ Zariski pair
(ii) $(C_{i}/Q_{i})=1(i=1,2),$ $Q_{1}^{+}\sim Q_{1}^{-}$ $Q_{27^{6}}^{+}Q_{2}^{-}$ $(C_{1}+Q_{1}, C_{2}+Q_{2})$
Zariski pair
31 (ii) [2] 31 (i)
3.1 $Q=Q_{1}=Q_{2}$ even tangential 2
$C_{1},$ $C_{2}$ 4 $Q$ $(C_{1}/Q)=1,$ $(C_{2}/Q)=-1$
$(Q+C_{1}, Q+C_{2})$ Zariski pair
01 $Q$ $2A_{1},$ $A_{3}$ $(C_{1}/Q)=1,$ $(C_{2}/Q)=-1$
even tangential conic $C_{1},$ $C_{2}$ 3.1 (i) Zariski pair
21
$\mathcal{E}_{x}^{Q}$ 0.1
No. 1, 3, 4, 6 $s_{1},$ $s_{2}\in$ MW$(\mathcal{E}_{x}^{Q})$
:
$\circ\langle s_{i},$ $s_{i}\rangle=2,$ $s_{i}O=0(i=1,2)$. $s_{1}\in 2MW(\mathcal{E}_{x}^{Q})$ $s_{2}\not\in 2MW(\mathcal{E}_{x}^{Q})$ .
1.1 $s_{1}$ $s_{2}$ $Q$ even tangential conic $C_{s_{1}}$ $C_{s_{2}}$
1.1 $(C_{s_{1}}/Q)=1$ $(C_{s2}/Q)=-1$ $C_{s1}$ $C_{S2}$
$Q$ 4 4 31 (i) Zariski pair
31 $Q$ affine
$f(t, u)=u^{3}+$ $($ 271350 – $98t)u^{2}+t(t-5825)(t-2025)u+36t^{2}(t-2025)^{2}$
4 4 $[U, T, V]$ $u=U/V,$ $t=$
$T/V$ $[1, 0,0]$ $Q$ $V=0$
$[1, 0,0]$ $Q$ 3 $Q$ $\varphi_{x}^{Q}$ : $\mathcal{E}_{x}^{Q}arrow \mathbb{P}^{1}$ Weierstrass
$y^{2}=f(t, u)$ ,
[16, Example, p.198] $)$ $\varphi_{x}^{Q}$ : $\mathcal{E}_{x}^{Q}arrow \mathbb{P}^{1}$
:
(i) $\varphi_{x}^{Q}$ 3 $t=0$,2025, $\infty$
$t=0$,2025 $I_{2}$ $t=\infty$ III
(ii) MW$(\mathcal{E}_{x}^{Q})\cong D_{4}^{*}\oplus A_{1}^{*}$ .
$\mathcal{E}_{x}^{Q}$ (iii) ( ), (iv) $Q$
2 node
[16, Example, p. 198] 3 section
$s_{o}$ : $(0,6t^{2}-12150t),\tilde{s}_{1}$ : $(-32t, 2t^{2}-6930t),\tilde{s}_{2}$ : $(-20t, 4t^{2}-4500t)$ .






$\pm$ s $s$ $\{s,$ $s\rangle=1/2$
$s_{1}:=2s_{\text{ }},$ $s_{2}:=\tilde{s}_{1}+\tilde{s}_{2}$
$s_{I}=( \frac{1}{144}t^{2}+\frac{1231}{72}t-\frac{5143775}{144},$ $- \frac{1}{1728}t^{3}-\frac{2335}{576}t^{2}+\frac{13493375}{576}t-\frac{29962489375}{1728})$
$s_{2}=( \frac{1}{36}t^{2}+\frac{435}{2}t-\frac{921375}{4},$ $- \frac{1}{216}t^{3}-\frac{1181}{24}t^{2}-\frac{41625}{8}t+\frac{373156875}{8})$
$s_{1}$ 2-divisible $s_{2}\in D_{4}^{*}$ $s_{2}$ 2-divisible
[14, Lemma 10.9] $s_{1},$ $s_{2}$ $O$




. $C_{1}$ $C_{2}$ $[1, 0,0]$ $Q$ $[1, 0,0]$ 3
. Ci $\mathcal{E}_{x}^{Q}$ section $s_{i}$
31 $(C_{1}+Q, C_{2}+Q)$ Zariski pair
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